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We have calculated the static shear stress of an induced electrorheological solid for a single-chain
structure, double-chain structure, triple-chain structure, and body-centered tetragonal (bct) lattice.
When the shear strain is small, all of these four structures prefer slanted configurations which will come
back to the original configurations if the load is removed. As the shear strain exceeds a yield point, the
structures break into parts which cannot return to the original configurations in a short time. The bct
lattice is found to have the strongest shear modulus. The triple-chain structure is weaker than the bct
lattice, but much stronger than the single-chain structure and double-chain structure. The single-chain
structure has the Peierls-Landau instability if the chain is very long. A double chain is stronger than a
single chain if the chains are quite long and the situation is reversed if the chains are short.

PACS number(s): 82.70.Gg, 61.90.+d, 64.75.+¢g

I. INTRODUCTION

An electrorheological (ER) fluid consists of a suspen-
sion of dielectric particles in a liquid of low dielectric
constant [1-7]. When this suspension is exposed to an
electric field, its viscosity increases dramatically. As the
electric field exceeds a critical value, the suspension
forms a solid whose shear modulus increases as the field
is further strengthened. This phase transition is complet-
ed in about 1 ms and is reversible by reducing the electri-
cal field past the critical field.

The understanding of the physical mechanisms of this
phenomena is very important, since a wide variety of ap-
plications have been suggested for ER fluids. Some of
these applications include suspension systems, valves,
brakes, and clutches [1]. These alone will have a tremen-
dous impact in the automobile and aerospace industries.

In this paper, we will discuss the static shear stress of
the induced ER solid. The importance of shear stress is
clear from the above applications. In experiments, it has
been found that upon application of an electric field, the
dielectric particles in ER fluids first form chains between
two electrodes. Chains then aggregate to form thick
columns [1]. Recent theoretical calculations and experi-
ments have also shown that the ideal structure of the
thick columns is a body-centered tetragonal (bct) lattice
[3-5]. Since the static shear stress depends on the struc-
ture of the induced ER solid, we will calculate the shear
stress for single chains, double chains, triple chains, and
thick columns of the bct lattice.

Among the above four structures, which one is the
strongest? This is an important issue to clarify. Some
previous work claims that the double chains are weaker
than the single chains and the structure consisting of sin-
gle chains maximizes the shear stress [8]. This con-
clusion seems to contradict experimental results [9,10]
and the well-known Peierls-Landau instability of a one-
dimensional solid which implies a long single chain is a
weak structure [3,11].

To resolve the above controversy, we have carried out
the calculations which eventually show that the thick-
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column structure is much stronger than the single-chain
structure. The triple-chain structure is stronger than the
single-chain and double-chain structures and the bct lat-
tice is even stronger than the triple-chain structure. The
comparison between a single chain and a double chain de-
pends on the chain length L. If the chains are long, the
double chain is stronger than the single chain. Other-
wise, the situation is reversed. These theoretical results
are consistent with recent experimental measurement
[9,10].

Our calculation also finds that when the shear strain is
small, all of these four structures prefer slanted
configurations which will come back to the original
configurations if the load is removed. As the shear strain
exceeds a yield point, the structures break into parts
which cannot return to the original configurations in a
short time. In extrapolating the shear modulus of the
above four structures, we have found that the single-
chain structure has its shear modulus tending to zero as
the chain length L goes infinite, a conclusion consistent
with the Peierls-Landau instability. The other thicker
structures seem to be stable as L goes infinite. The yield
point and structure-breaking in the deformation of an ER
solid have been observed in experiments [9,10]. The
response force and yield point derived from our calcula-
tion seem to agree with these experiments reasonably
well.

The present paper is organized as follows. In Sec. II,
we will discuss the dipolar interaction. Section III is de-
voted to the calculation of shear stress and shear
modulus. The results and discussions are in Sec. IV,
where we will also compare our theoretical results with
experiments.

II. DIPOLAR INTERACTION

We consider a model of ER fluids consisting of spheri-
cal particles of dielectric constant €, suspended in a fluid
of dielectric constant €,,€,>¢€,. This composite is sub-
jected to an electric field inside a parallel plate capacitor
whose two electrodes are planes at z=0 and L, respec-
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tively. When the fluid is exposed to an electric field, the
particles develop a dipole moment p in the direction of
the electric field. Here p=ae,a 3E,,., where a is the ra-
dius of the particles, a=(e, —€,)/(€, +2¢€;), and E,, is
the local electric field.

To calculate the energy of this system of particles, we
consider the dipole-dipole interactions. Two dipoles at r;
and r; have an energy of

u(r,-j)=v(1-3cos29,-j)/r,-3- , 2.1
where r,-j=fri_r-l=[p2+(zi_zj)2]1/2, p=p;=[(x;

—X; 2+ (y; —¥; 21172, 0;; is the angle between their joint
line and the direction of the applied field, and v=p?/e £

A dipole located at (x,y,z) in a capacitor produces im-
ages at (x,y,—2z) and (x,y,2Lj+z) for j==+1,%2,....
The interaction between a dipole and its own image is
u(r;)/2. The interaction between a dipole and a
different dipole’s images is u(r;). All of these interac-
tions must be summed to get the total energy of the in-
teraction.

We introduce a function

f(p,z)= 2 [(2nL —z)2+p2]—3/2 .

n

(2.2)

A dipole at r; and all its images interact with a dipole at
r; via

0

u;=—v 2+p—a; [f(pyzi—z;)+ f(p,z; +2;)] . (2.3)

The interaction between a dipole inside the capacitor at

(x,y,z) with its infinite number of images at
(x,y,2Lj*xz)(j==x1,%2,...)is given by
u(z)=—vE(3)/(4L*)—vf(0,22) , 2.4)

where the constant {(3)=3_,1/n%=1.2020569... .
Because of the periodicity, f(p,z)=f(p,z+2L), we can
expand f into the form f(p,z)=3 _ fi(ple sm/L
with

fip)= fOZLdz 57 /LE(p 2) /(2L)

=msK,(smp/L)/(L%p) , (2.5)

where K (p) is a modified Bessel function. Equation (2.2)
now reads as

flp,z2)=1/(Lp*)+ 3 27sK(smp/L)

s=1

Xcos(smz/L)/(L%p) . (2.6)

The formula d[xK,(x)]/dx =—xK,(x) enables us to
write u;; in Eq. (2.3) as

ui(pij>z;,2))=v 3, (4s*a* /LK y(smp,; /L)

s=1

Xcos(smz; /L)cos(smz; /L) . (2.7)
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III. SHEAR STRESS AND SHEAR MODULUS

To apply a shear strain to the ER system, we move the
electrode at z=L along the x direction by a distance &,
while fixing the electrode at z=0. The shear strain is
then 6§ /L. We assume that there is no slipping between
the electrodes and the induced ER structure. The slip-
ping case has been studied in Ref. [4].

For a single chain under a shear strain we consider
three configurations as illustrated in Figs. 1(a)-1(c). The
slanted chain has each particle in the column moved
along the x direction proportionally. The broken chain
has the chain broken into two parts in the middle with
each part in the field direction. The slanted broken chain
is broken in the middle but each part is still slanted. The
separation of its two resulting parts 8 is less than the de-
formation & [Fig. 1(c)]. As we increase 8, the slanted
broken chain changes from the slanted chain to the bro-
ken chain.

Applying Egs. (2.4) and (2.7), we have the total dipolar
energies for a structure

Sulz)+t53 ¥ w;pyzize) - (3.1)
i
’ (i?ﬁj )
When the particle positions in Eq. (3.1) are for the slant-
ed chain, slanted broken chain, and broken chain, we ob-
tain U (8), Uy (8), and U,(5), respectively. As shown in
Fig. 2, U,(8) < U,(8) until 8 reaches a critical value &,
where the curves for U; and for U, intersect. The slant-
ed broken chain has an energy interpolating between the
slanted chain and the broken chain. This implies that the
slanted chain is preferred when the shear strain is less
than §./L. However, when the shear strain exceeds
6./L, the broken chain has the lowest energy and the
slanted broken chain has its energy higher than that of

(a)

FIG. 1. (a) Slanted single chain. (b) Broken single chain. (c)
Slanted-broken single chain.
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FIG. 2. The dipolar energies of the slanted single chain and
the broken single chain vs the shear strain, respectively. The
single chain has 60 particles. When 8 <§,, the slanted chain is
preferred. When 6> 8., the broken chain is preferred. The en-
ergy unit is p2/(€,d?).

the broken chain and lower than that of the slanted
chain. Therefore, the competition is really between the
slanted chain and the broken chain. When the shear
strain is greater than §./L, the chain suddenly breaks
into two parts. There is no intermediate state. For this
reason, U, is not plotted in Fig. 2.

When 8 <§,, the response force per chain is given by

3U,(5)
s

=

(3.2a)

12
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FIG. 3. The response force of a single chain of 60 particles vs
the shear strain. When & <38, the slanted chain produces 7 al-
most linear with § /L. When 6 > §_, the preferred broken chain
produces a much smaller and almost flat 7. The force unit is
P 2 /(e fd 4 ).
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FIG. 4. The response coefficient S of a single chain of 60 par-
ticles vs the shear strain up to the yield point. The unit of S is
2 4
p*/(epd?).

When 8> 8, the response force per chain is given by
aU,(d)
s

Figure 3 shows the behavior of the response force of a
single chain versus the shear strain /L. When 8 <3,
the slanted chain gives a response force 7, almost linear
with 8§ /L. When 8> 8, the preferred broken chain pro-
duces a much smaller and almost flat response force. The
unit of 7 in our calculation is p? /(e fd4) where d =2a, the
particle diameter.

(3.2b)

T=

(b) [

() b)

FIG. 5. (a) Slanted double chain. (b) Broken double chain.
(c) Slanted-broken double chain.
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(c) =0

FIG. 6. (a) Triple-chain structure. (b) Slanted triple chain.
(c) Broken double chain.

A single chain has N=L /d particles. At a volume
fraction ¢, for the structure consisting of single chains,
the number of chains per unit cross area is 6¢/(7d?).
The shear modulus of the single-chain structure at
volume fraction ¢ is 64S /(mwd?), where S is the response
coefficient, given by

S=7L/5 . (3.3)

In Fig. 4 we plot S versus shear strain 6 /L up to §, /L.
When 8> 8, it is clear from Fig. 3 that the broken chain
has a much smaller S.

The quantity §,/L is of special interest. When the
shear strain is small, the slanted chain represents a state
which has a uniform deformation. The response force is
approximately proportional to the shear strain (Fig. 3)
and the response coefficient is almost a constant (Fig. 4).
The single chain will recover its original shape as soon as
the shear stress is removed. When & becomes greater
than §,, the chain suddenly breaks. The broken chain is
the state in which there is structural damage. We expect
that as 8> 8,, the chain cannot recover its initial single
chain configuration in a short time. Therefore, 8. /L is a
yield point. The critical response coefficient of a single
chain at 8, /L is given by

S,=r,L/5, , (3.4)

/6o /&

FIG. 7. Three-dimensional bct lattice.
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FIG. 8. The dipolar energies of the slanted double chain and
the broken chain vs the shear strain, respectively. When 8 <§,,
the slanted double chain is preferred. When 86> §,, the broken
double chain is preferred. The double chain has 119 particles.
The energy unit is p2/(e,d>).

where 7, is the response force at the yield point. The
critical shear modulus of the single-chain structure is
6¢S,/(md?. Tt is clear that the critical response
coefficient per particle S, /N provides a measure of the
structure strength. The larger the S, /N, the stronger the
structure.

The same calculations and analysis are carried for dou-
ble chains, triple chains, and thick columns of the bct lat-
tice. These structures are formed by two different chains.
As shown in Fig. 5(a), a chain of class A has particles ex-
tending the full length of the capacitor. A chain of class
B can be obtained by moving a chain of class 4 in the z

20/
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FIG. 9. The response force of a double chain of 119 particles
vs the shear strain. When 8 <3, the slanted double chain pro-
duces a 7 almost linear with /L. When § > §,, the preferred
broken double chain produces a much smaller and almost flat 7.
The force unit is p2/(e,d*).
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FIG. 10. The response coefficient S of a double chain of 119
particles vs the shear strain up to the yield point. The unit of S
isp?/(e;d*®).

direction by a sphere radius. In addition, because of the
two electrodes, a chain of class A has L /d particles,
while a chain of class B has (L /d —1) particles. A dou-
ble chain has one A chain and one B chain closely
packed. Its three configurations under a shear strain,
slanted double chain, broken double chain, and slanted-
broken double chain are shown in Fig. 5(a)-5(c).

As shown in Fig. 6(a), the triple chains are formed
from two A chains and one B chain closely packed. The
slanted triple chain and broken triple chain are plotted in
Figs. 6(b) and 6(c). A thick column of the bct lattice is a
three-dimensional structure, shown in Fig. 7. We denote
its three conventional Bravais lattice vectors as
V3a (8+§), V3a(X—7F), and 2a% (see Fig. 7). This
structure can also be considered as a compound of A4
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Dipolar Energy

FIG. 11. The dipolar energies of the slanted triple chain and
the broken chain vs the shear strain, respectively. The triple
chain has 59 particles. When 8 <38, the slanted triple chain is
preferred. When 8> 8., the broken triple chain is preferred.
The energy unit is p2/(e,d>).
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FIG. 12. The response force of a triple chain of 59 particles
vs the shear strain. When 8 <&, the slanted structure produces
a 7 almost linear with 8 /L. When &> §,, the preferred broken
structure produces a much smaller and almost flat 7. The force
unit is p2/(e,d*).

chains and B chains [5]. There are four 4 chains around
one B chain.

Figure 8 gives the dipolar energies of the slanted dou-
ble chains and broken double chains of 119 particles.
Figure 9 shows the response force 7 of this double chain.
Figure 10 is its response coefficient S. At volume fraction
#, the double-chain structure has 6¢/[7d*(2—d /L))
double chains per unit cross section. Therefore,
this double chain structure has shear modulus
6S¢[md*(2—d /L))

Figure 11 gives the dipolar energies of the slanted and
broken triple chain of 59 particles. Figures 12 and 13
show the response force and response coefficient of this
triple chain.

The bct lattice used in our calculation has nine A4
chains and four B chains. Since a bct lattice is a noniso-

300

100

ollf"l'

001 004 007 010 013
5/L

FIG. 13. The response coefficient S of a triple chain of 59
particles vs the shear strain. The unit of Sis p>/(e;d*).
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FIG. 14. The dipolar energies of the slanted bct lattice and
the broken bct lattice vs the shear strain, respectively. The bct
lattice has 178 particles. When 8 <§,, the slanted structure is
preferred. When 8> §,, the broken structure is preferred. The
energy unit is p?/(e;d?).

tropic three-dimensional structure, we first compared de-
formations in different directions. It turns out that the
shear strain in the x (or y) direction has the lowest
response force for this bct lattice. In Fig. 14, we plot the
dipolar energies of the slanted and broken bct lattice of
178 particles which has 9 A4 chains, 14 particles each, and
4 B chains, 13 particles each. Figure 15 depicts the
response force 7 for the bct lattice. Figure 16 shows the
response coefficient S of this bct lattice. All deformations
in Figs. 1416 are in the x direction.

Similar to the single-chain case, there is a yield point
8. /L for all of these structures. when the shear strain is
less 8,/L, the slanted structures are always preferred.
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FIG. 15. The response force of a bct lattice of 178 particles
vs the shear strain. When 8 <§,, the slanted structure produces
a 7 almost linear with 8 /L. When 8> §,, the preferred broken
structure produces a much smaller and almost flat 7. The force
unit is p2/(e;d*).
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FIG. 16. The response coefficient S of the bct lattice of 178
particles vs the shear strain up to the yield point. The unit S is
p 2 /( ffd4).

When the shear strain exceeds 8, /L, the structures break
into two parts. The slanted broken structures always
have an energy interpolating between the slanted struc-
tures and the broken structures. Therefore, the competi-
tion is really between the slanted structures and the bro-
ken structures. As seen in Figs. 9, 12, and 15, similar to a
single chain, when 8 > §,, the preferred broken structures
produce a much smaller and almost flat response force.
In Figs. 10, 13, and 16, we plot the response coefficient S
of these thick structures up to their yield point. It is
clear from Figs. 9, 12, and 15 that all of these structures
have a much smaller S beyond the yield point.

As in Eq. (3.4), the critical response coefficient per par-
ticle S, /N of the double chain, triple chain, and the bct
lattice provides measurement of the strength of the in-
duced structures.

IV. RESULTS AND DISCUSSIONS

To understand the stability of the solid structures and
make a comparison, we plot the critical response
coefficients per particle S, /N versus d /L in Fig. 17. As
stated earlier, the higher S, /N, the stronger the struc-
ture.

Figure 17 first shows that a single chain is stronger
than a double chain when L /d is small. This is con-
sistent with the result reported in Ref. [8]. However, as
L /d increases (or as d /L decreases in Fig. 17), the criti-
cal response coefficient of a double chain decreases slower
than that of a single chain. When L /d >400, a double
chain becomes stronger than a single chain. Our numeri-
cal calculation also verifies this conclusion.

In addition, as d/L-—0, the critical response
coefficient per particle of a single chain tends to zero.
This is the Peierls-Landau instability of an infinite one-
dimensional solid. As seen from Fig. 17, the response
coefficients per particle of a double chain, triple chain,
and bct lattice do not extrapolate to zero as d /L —0.
This implies that these thick structures are more stable
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FIG. 17. Critical response coefficient per particle vs d /L for
the single chain, double chain, triple chain, and bct lattice.
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than the single-chain structure. The single-chain struc-
ture may be stable only if the electrode spacing is not too
wide.

As seen from Fig. 17, the triple chain is much stronger
than the double chain. When L =60d, the critical
response coefficient per particle of a triple chain is twice
as large as that of a double chain. The bct lattice is even
stronger than the triple-chain structure.

Figures 13 and 16 also show that the response force of
a triple chain and a bct lattice is not linear with a small
deformation 8. These structures are closed packed and
have very limited room to move their particles (Fig. 7).
In responding to the initial deformation, they usually
produce a quite large modulus to resist the deformation.
For example, a triple chain in Fig. 6(a) has two chains of
class A and one chain of class B. During deformation,
the positions of the second chain of class 4 is affected by
the deformation of the middle chain of class B. If § in-
creases, the deformed structures are no longer close
packed; and then there is more room to arrange particles
and the response force becomes almost linear with the de-
formation. Therefore, the response coefficient of a triple
chain and a bct lattice is very high for small 8 and then it
decreases with an increase of 8 and tends to be stable as §
further increases until §, is reached.

Because the single-chain structure is not a close-packed
structure (Fig. 1), its response force is almost linear to the
deformation from the beginning as seen in Fig. 4.
Though a double chain has a single chain of class 4 and
a single chain of class B close packed, the geometric de-
formation of these two chains is not affected by each oth-
er as in a triple chain or bct lattice (Fig. 5). Therefore,
the response force is also almost linear to the deformation
from the beginning.

In Fig. 18 we plot the yield point 8. /L versus d /L for
all four structures. It is noted that as L /d increases, the
yield point decreases. As d /L —0, the critical shear
strain of a single chain does not tend to zero. This im-
plies that to break a long single chain, a minimum shear
strain is still needed, though the shear modulus is vanish-
ing.

To conclude our paper, we would like to make some
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FIG. 18. Yield point 8, /L vs d /L for the single chain, dou-
ble chain, triple chain, and bct lattice.

comparison of our theoretical results with experiments
[9]. Conrad, Sprecher, and Chen observed the single-
chain structure when ¢ is low and L /d is not too large.
Similar to our discussion, they applied a shear strain to
the chain by sliding one electrode. The sliding electrode
had a rough surface and there was sticking between the
electrode and particles. The same as in our theoretical
discussion, the chain first became slanted, then broke into
two parts when the shear strain exceeded a yield point.
For example, their experiment found the yield point &, /L
was about 0.4 for L/d=3. Our calculation finds
8./L =0.31 for L =3d, close to the experimental results.
Their experiment also found the response force was about
3.8X 107 °N for shear strain 0.21, L/d=3, and E=2
kV/mm. Our calculation has the response force
3.0p*/(€;d*) under the above condition. The dielectric
particles in the experiment were moist glass spheres of
d =150 um. The liquid has €,=2.5. The effective dielec-
tric constant of moist glass spheres was not measured in
the experiment but was expected to be higher than 7.2,
the dielectric constant of dry glass spheres. Applying the
effective local field for a single chain [5],

E,,,=E/(1—0.601028a) , 4.1)
we have found our response force close to 3.8 X 10 °N
when €,=22.8, a reasonable result for the effective
dielectric constant of moist glass spheres.

In another experiment [10], the above group found that
when the volume fraction ¢ <0.06, the measured shear
stress was consistent with the shear stress of a single-
chain structure. When ¢>0.06, double chains were
formed and the measured shear stress was stronger than
that of the single-chain structure. As ¢ was further in-
creased, the measured shear stress increased because
thick columns were formed. This conclusion matches
our theoretical calculation.

Worthy of note is that our present calculation is based
on the dipolar approximation. Though we include the lo-
cal field as in Eq. (4.1) to improve our results, the contri-
bution from higher multipoles is not negligible when the
volume fraction ¢ is high [12,13]. Then the response
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force will be stronger than that under the dipolar approx-
imation. In addition, the thick structures are even more
favorable in ER fluids when €, > ¢, [12,13]. It is also for
this reason that we should expect the experiments to find
the double-chain structure, triple chain structure, and bct
lattice structure stronger than that from our calculation.
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